Abstract. We compute the lower bound estimate for the module category weight of compact exceptional Lie groups by analyzing several Eilenberg-Moore type spectral sequences.
Introduction
The Lusternik -Schnirelmann category cat(X) of a topological space X is the least integer n such that there exists an open cover X = U 1 ∪ · · · ∪ U n+1 with each U i contractible to a point in X. There are other computable homotopy invariants such as cup length, category weight, and module category weight with the relation [3] : cup(X; F p ) ≤ wgt(X; F p ) ≤ M wgt(X; F p ) ≤ cat(X).
Toomer introduced the explicit formula for the difference between the cup length and the category weight. Using the formula he calculated the difference cup(X; F p )−wgt(X; F p ) of any simply connected compact simple Lie group [11] . In fact, it is precisely F 4 , E 6 , E 7 , E 8 which yield a positive difference.
On the other hands, Iwase and Kono [3] determined cat(Spin(9)) = 8 by computing the lower bound of the difference between the category weight and the module category weight of Spin (9) , which is M wgt(Spin(9); F 2 ) − wgt(Spin(9); F 2 ) ≥ 2.
In this paper we compute the lower bound estimate for the module category weight of exceptional compact simple Lie groups by studying the difference between the category weight and the module category weight. This paper is organized as follows. In section 2, we collects some known facts, which will be used in next sections. In section 3, we compute the module category weight with respect to F 2 coefficients of compact exceptional Lie groups by analyzing several Eilenberg-Moore type spectral sequences. In section 4, we compute the module category weight with respect to F 3 coefficients of compact exceptional Lie groups by the similar method as in the case of F 2 coefficients.
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Some Known Facts
Throughout this paper, the subscript of an element always means the degree of the element, for example, the degree of x i is i. Let E(x) be the exterior algebra on x and F 2 [x] be the polynomial algebra on x and Γ(x) be the divided power algebra on x which is free over γ i (x) with coproduct
and the product
We define cup(X; F p ), the cup-length with respect to F p , by the least integer m such that x 1 · · · x m+1 = 0 for any m + 1 elements x i ∈ H * (X; F p ). Let P m (ΩX) be the m th projective space, in the sense of Stasheff [10] , such that there is a homotopy equivalence P ∞ (ΩX) ≃ X. Let e m : P m (ΩX) → P ∞ (ΩX) ≃ X be the inclusion map. Consider (e m ) * : H * (X; F p ) → H * (P m (ΩX); F p ). Then we can define category weight wgt(X; F p ) and module category weight M wgt(X; F p ) as follows [3] :
wgt(X; F p ) = min{m| (e m ) * is a monomorhsim}, M wgt(X; F p ) = min{m| (e m ) * is a split monomorphism of all Steenrod algebra module}.
Then we have the following relation [3] .
Now we list the mod p cohomology of the exceptional Lie groups. We refer [8] for the condensed treatment of these cohomology including Hopf algebra structure and the action of the Steenrod algebra. 
Module Category Weight with respect to F 2 coefficients
LetG be the 3-connected cover of G which is the homotopy fibre of the map G 
To get the module category weight of exceptional Lie groups G, we study the EilenbergMoore spectral sequence converging to H * (G) with E 2 ∼ = Cotor H * (ΩG;F 2 ) (F 2 , F 2 ). This is a spectral sequence of Hopf algebras but it depends on the coalgebra structure. So we should determine the coalgebra structure of H * (ΩG; F 2 ). To get the coalgebra structure of H * (ΩG; F 2 ), we consider the Eilenberg-Moore spectral sequence converging to H * (ΩG; F 2 ) with
Since E 2 concentrates in the even dimensions, the spectral sequence collapses at the E 2 -term, i.e., E 2 = E ∞ . Then there is no coalgebra extension problem in such a spectral sequence [4] . We refer the reader to [6] for concise treatment of above Eilenberg Moore spectral sequence. So as a coalgebra we have the following. Theorem 3.2. The coalgebra structure of the mod 2 cohomology of the loop spaces of exceptional Lie groups G 2 , F 4 , E 6 , E 7 , and E 8 are as follows. Now we consider the Eilenberg-Moore spectral sequence converging to H * (G; F 2 ) with
Then we get the following theorem by the formal Cotor computation. We refer the reader to [9] for detail computation method of this spectral sequence.
, and E 8 are as follows. 
Next as in [2, 3] , truncating the above computation with the same differential d i in (3.5 ), we can compute the spectral sequence of Stasheff's type converging to H * (P m (ΩG); F 2 ). Let A = H * (G; F 2 ) in Theorem 2.1. Then like the result in [3, Proposition 2.1], for low m such as 1 ≤ m ≤ 3, we have the following: . Now we compute the module category weight using the similar method in [1, 3] .
Theorem 3.7. The module category weight is as follows:
Proof. From Theorem 3.4, Sq 4 z 11 = x 15 in H * (P 1 (ΩG); F 2 ) for G = F 4 , E 6 , E 7 . Then from (3.6), Sq 4 z 11 = x 15 modulo S 2 in H * (P 2 (ΩG); F 2 ) for G = F 4 , E 6 , E 7 . Since S 2 is even-dimensional [1, 3] , the modulo S 2 is trivial so Sq 4 z 11 = x 15 in H * (P 2 (ΩG); F 2 ). Therefore in H * (P 7 (ΩF 4 ); F 2 ), H * (P 9 (ΩE 6 ); F 2 ), and H * (P 14 (ΩE 7 ); F 2 ), we have By the definition in section 2, M wgt(X; F 2 ) is the least m such that (e m ) * is a split monomorphism of all Steenrod algebra module. Let φ m : H * (P m (ΩG); F 2 ) → H * (G; F 2 ) be a epimorphism which preserves all Steenrod actions and φ m •(e m ) * ∼ = 1 H * (G;F 2 ) . Suppose that there are epimorphisms
Then we have the following diagrams: 
Now we consider the category weight. For G 2 , x 3 3 x 5 ∈ H * (P 4 (ΩG 2 ); F 2 ). Hence (e 4 ) * is a monomorphism, so wgt(G 4 ; F 2 ) = 4. By the same way, wgt(G; F 2 ) is 6 for G = F 4 , 8 for G = E 6 , 13 for G = E 7 , 32 for G = E 8 . In fact the category weight is the same as the Toomer's invariant, the filtration length, that is, wgt(G; F 2 ) = f 2 (G) in [11] .
For the case of G 2 and E 8 , by dimensional reason, any generator of type x − can not be of the form Sq i (z − ) for any i and for any generator of type z. So we can not apply the method in (3.7). Hence we do not obtain any positive difference between the category weight and the module category weight. Hence we have
Summarizing above results, we have the following results.
4. Module Category Weight with respect to F 3 coefficients
Now we turn to the case of F 3 coefficients. 
Let A = H * (G; F 3 ) in Theorem 2.2. Then like the result in (3.6), for low m such as 1 ≤ m ≤ 3, we have the following:
as modules. Now we compute the module category weight using the same method in Theorem 3.7.
Theorem 4.7. The module category weight is as follows:
Proof. From Theorem 4.2, we get P 1 z 23 = x 27 in H * (P 1 (ΩG); F 3 ) for G = E 7 , E 8 . Then P 1 z 23 = x 27 modulo S 2 in H * (P 2 (ΩG); F 3 ) for G = E 7 , E 8 from (4.6). Since S 2 is evendimensional [1, 3] , the modulo S 2 is trivial and P 1 z 23 = x 27 in H * (P 2 (ΩG); F 3 Note that the filtration lengths of βP 1 x 3 and βP 3 P 1 x 3 are both 2 by the result in [11] 
